
Numerical analysis and optimization

Introductory exercice - MSc 2013-2014.

In this exercice, we highlight a few basic facts and methods related to numerical analysis and
optimization, in the context of deterministic and stochastic signal processing.

Let us consider a convolution equation in the form y = h ∗ x, where h is the impulse response
of some filter, that is assumed causal and finite, x is the filter input and y its output. The
convolution y = h ∗ x rewrites y(t) =

∫ Th

0 h(u)x(t − u)du where Th is the duration of h. After
sampling at period T of input and output signals, samples at the output are in the form yn =∑

k=0,L hkxn−k, where xn = x(nT ) and hn = Th(nT ).

We assume first that h is known and we look for xn, . . . , xn+N−1 from observation of y over
[nT, (n+N)T [, that is from yn, . . . , yn+N−1.

Question 1 Write the matrix equation that relates y = [yn, . . . , yn+N−1]
T and x. Check that it

involves the vector [xn−L, . . . , xn, . . . , xn+N−1]
T . This matrix equation is said under-determined

since it involves more unknown variables than the number of equations. Give the expression of
the solutions x = [xn, . . . , xn+N−1]

T in a parametric form, where xn−L, . . . , xn will stand for
the parameters (this expression is a particular case of a more general result known as implicit
functions theorem).

Question 2 Let us consider the particular case where xn−L = . . . = xn−1 = 0.Then, check that
x is the solution of a linear system that involves a triangular matrix. Show that this system
can be solved easily with small computational effort (calculate the number of operations as a
function of the matrix size).

Question 3 More generally, a square matrix A can be written in the form A = LU, where L

and U are lower and upper triangular respectively. Check that A can be inverted if and only if
diagonal parts of L and de U have non zero entries. Then, assuming that L and U are known,
explain how equations y = Ax can be solved and evaluate the computational complexity this
resolution requires. In fact, rewritting A in the form LU involves much more computations
(complexity is about N3 operations).

Alternatively, matrix A can be written in the form A = QR, where Q is orthogonal (that is
QQT = I) and R is upper triangular. Then, assuming that Q and R are known, explain how
to solve y = Ax from the QR decomposition of A.

Question 4 Let us go back to the initial problem in question 1 and assume that signal x contains
a preamble, that reproduces the end of sequence xn, . . . , xn+N−1. Said in a mathematical form,
we have

(xn−L, . . . , xn−1) = (xn+N−L, . . . , xn+N−1). (1)
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This method is used in several transmission techniques such as OFDM (Orthogonal Frequency
Division Multiplexing). Rewrite the matrix form of the problem in terms of unknown variables
xn, . . . , xn+N−1. Show that they are connected to y via a circulant matrix, that is, each line of
the matrix is obtained from a circulary permutation of the previous one. Prove that eigenvectors
of circulant matrices are the vectors of the discrete Fourier transform, that is, they are in the
following form :

Wk = [1, e2iπk/N , e2iπ2k/(N+1), . . . , e2iπ(N−1)k/N ]T /
√
N. (2)

Calculate the corresponding eigenvalues and write the general form of the eigenvalue decompo-
sition of a circulant matrix. Then, propose a simple way to caculate x and evaluate its com-
putational complexity. Connect this result to the frequency representation of the convolution
operations.

Question 5 Let us assume that signal x is known and that we observe

ym =

L∑

k=0

hkxm−k + vm, m = n, n+ 1, . . . , n+N − 1, (3)

where the coefficients of filter h are unknown and v is some observation noise. Express the matrix
relation that holds between observation y and vector h = [h0, . . . , hL]

T in the form y = Xh+v.

Question 6 We assume that N > L+ 1. Then the linear system involves more equations than
the length of h and it is said to be over-determined. When v is null, il is clear that we get a
redundant system of equations. However, it is not easy to see which equations can be removed
to get a square linear system that has a unique solution (assuming that X is full rank). In
addition, when v 6= 0, in general, equations y = Xh will have no solution due to modelling
errors introduced in the description of y has a vector of the space spanned by the columns of
matrix X. However, for lack of a mathematical solution, we can look for an approximate one.
Looking for an approximate h such that the model y = Xh is as little erroneous as possible can
be achieved by looking for the minimum distance between y and Xh, that is choosing

hMC = argmin
h

‖ y −Xh ‖2 . (4)

Calculate hMC in terms of X and y. ‖ y−Xh ‖2 is called the minimum squared error criterion.

Question 7 If we assume that v is a random vector with known distribution, say v ∼ N (0,Σv).
What is the distribution of y ? Calculate the maximum likelihood estimator of h. Show the
interest of this estimator compared to hMC by considering the particular case when Σv is a
diagonal matrix. What occurs when Σv is proportional to the identity matrix ? What is the
statistical interpretation of hMC ?

Question 8 We assume that h is not simply modelled as an unknown deterministic parameter
but that it can be regarded as a random variable with known distribution that is called the prior
distribution of parameter h. By doing so, we are in the context of so called Bayesian estimation
techniques. Here, we assume that h ∼ N (0,Σh). Using Bayes formula, calculate p(h|y) that
is called the posterior distribution. Calculate the posterior maximum likelihood estimator of h
that is defined by

hMAP = argmax
h

p(h|y). (5)
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